FQL: A Functorial Query Language

David I. Spivak and Ryan Wisnesky
Massachusetts Institute of Technology

March 4, 2015

1 Syntax and Equational Theory of FQL

The category of finitely presented categories and mappings is bi-cartesian closed, and for every finitely-
presented category T', the category of T instances and their morphisms is a topos (bi-cartesian closed
category with a subobject-classifier). Hence, FQL has the following structure.

2 Syntax and Equational theory of FQL

Let 7 indicate finitely presented categories, Fr, 1, : 171 — 1% finitely presented functors, Zr finitely
presented T-instances (functors from 7' to the category of sets), and £ L I' = I? finitely presented

natural transformations (database homomorphisms from T-instances I% to I%) The syntax of FQL
types T, mappings F, instances I, and transformations (database homomorphisms) E is given by the
following grammar:

T:=0|1|T+T|TxT |1V |T

F :=idp | F; F | proj%’T |proj72~’T | inquﬂ’T | inj%T | FQF |F@F |evrr | AF | Fro | ttr | ffr

Ti=0p |10 | I4+T | IxI| T |Zr | Qp | Apl | SpI | Hpl

E :=id; | By E | proji ;| proji; | injr |inji | EQE | E®E |evrs | AE | Erg | ttr | ffr|eqr | Tr

| ApE | SpE | TIpE | 771%,1 \ 6121,1 | 77%,1 | 6%,1



2.1 Isomorphisms of schemas and instances

The following isomorphisms (omit isomorphisms for data migrations A, >, IT and sub-object classifier

Q) can always be constructed with the appropriate terms:

13

Tx1=1 17~ T'=T

T1X(T2XT3)E(T1XT2)XT3 T1XTQET2XT1

(Ty x Tp)T> = T3 x T (T12)Ts o 2T Ty 4+ (To +T3) = (T) + Ty) + T3

T0=1 Ty x(Ty+T3)=(T1 xTp) + (Ty x T3)

T+ Ty =T+ T Tx0=0 T+0=T

Tsz +T5 o~ Tsz % T1T3

2.2 Mappings

F!Tl—)TQ GZTQ%Tg
idr:T—>T F,G:Ty — T3 ttp T — 1

pTOjjlwl,T2 Ty x Ty =T

F:T1—>T2 G:T1—>T3
FRG:Ty = T5 xTs ffr:0=>1T

projf, o, : Ty x Ty — Ty
FZTQ—)Tl G:Tg*)Tl
Ty — T + T FoG:Ty+15 - Ty

.1 . 9
ingp, T =T + T ingT T,

F:T1><T2—>T3

eV Ty ¢ TlTQ X Ty — T AF: T — T3T2 Frim T — T

id, f = f frid=f fi(g;h) = (f;9);h Aev =id Af@a; ev=1id®a;f
fogprojt=f  fegprojf=g  fiproj' ® fiproj® = f ffTZZ : ff: 0:_f>fT

inj'sfog="f inj> fog=g ing's f ing® f = f



2.3 Instances

I:T —inst J:T —inst I:T —1inst J T —inst

Op : T —inst 1p: T —inst I+ J:T —1inst IxJ:T—1inst
I:T —inst J T —inst F:Ty — 1T, I:T5 —inst
I7:T —inst Qp : T —inst Ir:T —inst Apl : Ty —inst
F:T1—>T2 I:Tl—i’I’LSt FZT1—>T2 IZTl—’iTLSt
Yl 15 —inst gl : 15 —inst

2.4 Transformations

We omit the equational theory for eq and T, and for the monads (X, A) and (A, II).

N2 T —inst E:I'=1*> E:I’=171 I:T —inst
idyp I =1 E:E :I'=1713 tty: I = 1p
IN 12T —inst IV 1% T —inst
proj}17]2:11x12:>11 proj?1712:11><12:>l2
IN1?:T—inst E:I'=1* FE:.I'=713 I:T —inst IY 1?2 T —inst

E®QFE I'=1*x13 ffr:0p=1 injp o I' =T+ 1?
IN 12T —inst IN12:T—inst E:I*’=1' FE :DPB=1'
injh g2 1P =TI+ 17 EoFE :IP+P =1
IV I? T —inst N2 BT —inst E:I'xI?=13 INI? T —inst
2 2 at 2
eop I x 2T AE: ' = 13 Epnp It =1
I:T —inst I:T —inst h:1=J h:1=J
quZIXI=>QT TT:1T:>QT AFhAF[:>AFJ EFhAFI:>EFJ
h:I1=J I:T —inst F:8—T I:5 —inst F:8—T
Mph: Apl = TpJ npr: SpApl =1 epr I = ApSpl
I:5 —inst F:S—T I:T —inst F:5—T
771{“[,1 : AFHFI =1 6%71 I = HFAFI
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